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a b s t r a c t
Periodic media are routinely used in optical devices and, in particular, photonic crystals
to create spectral gaps, prohibiting the propagation of waves with certain temporal
frequencies. In one dimension, Bragg structures, also called quarter-wave stacks, are
frequently used because they are relatively easy to manufacture and the spectrum exhibits
large spectral gaps at explicitly computable frequencies. In this short work, we use
variational methods to demonstrate that within an admissible class of pointwise-bounded,
periodic media, the Bragg structure uniquely maximizes the first spectral gap-to-midgap
ratio.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction and outline
Consider the one-dimensional, inhomogeneous wave equation
∂2t φ(x, t) = −Lφ(x, t), L := −n−2(x)∂2x (1)
where the coefficient n(x) is assumed to be positive and X-periodic. Bounded, time-periodic solutions satisfying (1) of the
form φ(x, t) = e−ıωtψ(x) exist if ω2 is in the spectrum ofL or equivalently,
ω ∈ σ(L) := {ω : ω2 is in the spectrum ofL}. (2)
Eq. (1) describes the propagation of a (TE-polarized) electromagnetic wave in a one-dimensional optical device, where
n(x) is the index of refraction. With the goal of manipulating and controlling light, periodic structure is often used in
microscale and nanoscale optical devices, sometimes called photonic crystals, to create gaps in σ(L), preventing the
propagation of light at certain temporal frequencies. In particular, Bragg structures or quarter-wave stacks, which are photonic
crystals for which n(x) is constant on intervals whose lengths are a quarter of the effective wavelength in the medium, are
used because they are known to have large spectral band gaps [1,2]. In this work, we make this statement precise, using
variational methods to show that within an admissible class, the Bragg structure has the largest first spectral gap-to-midgap
ratio.
Let n−, n+, and X be positive constants such that n− < n+. Define the class of admissible structures, A = A(n−, n+, X),
by
A := {n ∈ L∞(R) : n(x+ X) = n(x) and n(x) ∈ [n−, n+] a.e.}. (3)
The Bragg structure, nB ∈ A, is defined as follows:
nB(x) :=

n+ x ∈ (0, b)
n− x ∈ (b, X) where b :=
n−X
n+ + n− ∈ (0, X). (4)
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For a given structure n ∈ A, let αm = αm[n] and βm = βm[n] denote the left and right edges of themth gap in σ(L). Define
themth gap-to-midgap ratio:
Jm[n] := βm − αm
γm
, where γm[n] := αm[n] + βm[n]2 . (5)
Our primary results are stated in the following two theorems:
Theorem 1. For fixed m ∈ N, there exists n⋆m ∈ A such that
Jm[n⋆m] = J⋆m := sup
n∈A
Jm[n].
Theorem 2. The maximizer of Jm[n] over A is piecewise constant and achieves the prescribed pointwise bounds, n+ and n−,
almost everywhere, i.e., n⋆m is a bang–bang control. The Bragg structure, nB(x), is the unique (up to translation) maximizer of J1[n]
over A, with value J⋆1 = 4π sin−1

n+−n−
n++n−

.
Relatedwork. Althoughwave propagation in Bragg structures iswell understood [1,2], to the author’s knowledge, Theorems 1
and 2 are new. Similar results have been shown for related problems, which we briefly review here.
The asymptoticwidth of themth gap inσ(L) asm ↑ ∞ and upper bounds for gapwidths have been previously studied [3].
The problemofmaximizing the first spectral gapwidth, rather than the gap-to-midgap ratio, has been previously considered
in two dimensions [4,5]. This small modification is consequential; the Bragg structure does not maximize the first spectral
gap width [6].
The bang–bang property is also realized by optimizers of the eigenvalue optimization problem of finding a membrane
density, ρ(x), defined on a fixed compact domain, for which−ρ−1∆ has extremal Dirichlet eigenvalues [7–9].
Another spectral optimization problem with a bang–bang optimizer is finding a refractive index n(x) such that L, as
defined in (1), with outgoing boundary conditions, has a scattering resonance (complex eigenvalue)with smallest imaginary
part [10–12]. A spatially truncated Bragg structure has resonances with very small imaginary part, and is closely related to
the optimizer.
Outline. In Section 2, we define the discriminant, ∆(ω), and review its relationship to σ(L). In particular, σ(L) =
{ω : |∆(ω)| ≤ 2} and the edges of the odd gaps correspond to eigenvalues of a self-adjoint, semi-periodic eigenvalue
problem. In Section 3, this eigensystem is solved for the Bragg structure and an eigenvalue perturbation formula is given.
Finally, in Section 4, we prove Theorems 1 and 2.
2. Floquet theory, the discriminant,∆(ω), and gaps in σ(L)
Here, we recall the relationship between σ(L), defined in (2), and the discriminant, ∆(ω). Consult [3] for an excellent
general reference on the subject.
For fixed ω, the equationL ψ = ω2ψ is equivalent to the first-order system
dy
dx
= A(x, ω)y, where A(x, ω) :=

0 1
−n2(x)ω2 0

. (6)
Let Φ(x, ω) be the fundamental solution of (6), satisfying Φ(0, ω) = Id. Liouville’s formula implies the Wronskian
detΦ(x, ω) = 1 for all x ∈ R. Denote themonodromymatrix byM(ω) := Φ(X, ω) and the discriminant by∆(ω) := trM(ω).
The eigenvalues ofM , referred to as the characteristic multipliers, are given by ρ±(ω) = 12∆(ω)± 12

∆2(ω)− 4 and satisfy
ρ+ρ− = 1. It is conventional to write ρ±(ω) = e±ık(ω)X , so
∆(ω) = ρ+(ω)+ ρ−(ω) = 2 cos[k(ω)X]. (7)
The quantity k(ω) is referred to as the characteristic exponent or Bloch phase and is unique up to translation by m 2πX for
m ∈ N. The intervalB ≡ (−πX , πX ] is referred to as the first Brillouin zone. For |∆(ω)| ≤ 2, k(ω) ∈ R and σ(L) satisfies the
relationship σ(L) = {ω : |∆(ω)| ≤ 2}.
The oscillation theorem [3, Thm. 2.3.1] states that there exist interlaced real sequencesαm andβm form ∈ N, each tending
to infinity, such that
0 < α1 ≤ β1 < α2 ≤ β2 < α3 ≤ β3 . . . ;
∆(ω) decreases from 2 to−2 on [0, α1]; whenm is odd,∆(ω) < −2 on the gaps (αm, βm) and∆(ω) increases from−2 to
2 on [βm, αm+1]; and whenm is even,∆(ω) > 2 on the gaps (αm, βm) and∆(ω) decreases from 2 to−2 on [βm, αm+1].
For ω ∈ σ(L), there exist Floquet–Bloch solutions of L ψ = ω2ψ of the form ψ±(x, ω) = e±ık(ω)xp±(x, ω) where
p±(x, ω) are X-periodic functions and k(ω) ∈ B. The gap edges αm and βm for oddm correspond to characteristic exponent
k = πX and have associated eigenfunctions satisfying semi-periodic boundary conditions on [0, X]. The even gap edges
correspond to k = 0 and have associated eigenfunctions satisfying periodic boundary conditions.
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Fig. 1. Spectral properties of the Bragg structure nB(x), defined in (4). (Left) The discriminant∆(ω), defined in (8). The spectrum, σ(L) = {ω : |∆(ω)| ≤ 2}, is
indicated in red on the ω-axis. (Center) The dispersion relation obtained from (7) plotted over the first Brillouin zone. (Right) Semi-periodic eigenfunctions
ψα,1 (solid black) andψβ,1 (dashed blue) corresponding to the endpoints, α1 and β1 , of the first gap in σ(L). (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)
2.1. Properties of σ(L) for the Bragg structure, n(x) = nB(x), defined in (4)
Let n(x) be a piecewise constant refractive index with value n(x) = nj on the jth interval of the disjoint union
[0, X] = ⊔Nj=1 Ij. In this case, the fundamental solution of (6) on each interval Ij is simply the matrix exponential of the
constant matrix Aj(ω) =

0 1
−n2j ω2 0

and the monodromy matrix can be expressed as M(ω) = Nn=1 exp Aj|Ij| . For the
Bragg structure, N = 2 and
M(ω) =
−
n+ − n−
2n−
+ n+ + n−
2n−
cos(nhXω)
n+ + n−
2n+n−ω
sin(nhXω)
−n+ + n−
2
ω sin(nhXω)
n+ − n−
2n+
+ n+ + n−
2n+
cos(nhXω)

where nh is the harmonic mean of n− and n+, nh := 2

n−1+ + n−1−
−1
. The discriminant, ∆(ω) = tr M(ω), for the Bragg
structure is computed to be
∆(ω) = 2− (n+ + n−)
2
n+n−
sin2

nhX
2
ω

(8)
and plotted in Fig. 1(left). For evenm, αm = βm = mπnhX and for oddm,
αm = mπnhX −
2
nhX
sin−1

n+ − n−
n+ + n−

, βm = mπnhX +
2
nhX
sin−1

n+ − n−
n+ + n−

.
3. Sensitivity analysis of the odd gap edges
The sensitivity of αm and βm for oddmwith respect to perturbations in the refractive index n is obtained by studying the
semi-periodic eigenvalue problem
Lψ(x) = ω2ψ(x) ∀x ∈ (0, X), ψ(X) = −ψ(0), and ψ ′(X) = −ψ ′(0). (9)
For the Bragg structure, n = nB, the normalized eigenfunctionsψα,m(x) andψβ,m(x) corresponding to themth left and right
gap edges respectively are given by
ψα,m(x) = 1√n+n−X

cos[n+αm(x− b)] −
√
n−√
n+
sin[n+αm(x− b)] x ∈ [0, b]
cos[n−αm(x− b)] −
√
n+√
n−
sin[n−αm(x− b)] x ∈ [b, X]
ψβ,m(x) = 1√n+n−X

cos[n+βm(x− b)] +
√
n−√
n+
sin[n+βm(x− b)] x ∈ [0, b]
cos[n−βm(x− b)] +
√
n+√
n−
sin[n−βm(x− b)] x ∈ [b, X].
The eigenfunctions, ψα,1 and ψβ,1, are plotted in Fig. 1(right).
Since (9) is a self-adjoint eigenproblem, the proof of the following eigenvalue variational formula, stated as Lemma 1, is
standard; see, e.g., [9].
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Lemma 1. Let (ψ, ω2) be a simple eigenpair satisfying (9), for a refractive index n0, normalized such that

n20ψ
2 = 1. The
Fréchet derivative of ω[n0] is
δω = −ω

n0ψ2δn =⇒ δω
δn
= −ωn0ψ2.
4. Proof of Theorems 1 and 2
Proof of Theorem 1. Our proof follows [4], employing the direct method in the calculus of variations. Fix m ∈ N. Let
J⋆m := supn∈A Jm[n] and {nℓ}∞ℓ=1 be a maximizing sequence, i.e., limℓ↑∞ Jm[nℓ] → J⋆m. SinceA is weak* compact, there exists
a weak* convergent subsequence nℓ
w∗−→ n⋆. The mappings n → αm[n] and n → βm[n] are weak∗ continuous overA [8,9],
from which it follows that n → Jm[n] is also weak* continuous overA. Thus Jm[n⋆] = J⋆m. 
Proof of Theorem 2. Fixm ∈ N. If βm > αm, the oscillation theorem implies that αm and βm are simple eigenvalues. Using
Lemma 1, we compute the Fréchet derivative
δJm
δn
[n] = 1
γ 2m

αm
δβm
δn
− βm δαm
δn

= αmβm
γ 2m
n

ψ2α,m − ψ2β,m

.
We first show that any local maximizer, n˜(x), of Jm[n] on A is a bang–bang control, i.e., n˜(x) ∈ {n+, n−} almost
everywhere. Consider the set A = {x ∈ [0, X] : n− < n˜(x) < n+} and let S ⊂ A be arbitrary. For δn(x) = 1S(x), the
indicator function on S, local optimality of n˜(x) requires
δJ
δn
[n˜], 1S

= 0 ⇐⇒ α˜mβ˜m
γ˜ 2m
n˜

ψ˜2α,m − ψ˜2β,m

= 0 on S, (10)
where (α˜m, ψ˜α,m) and (β˜m, ψ˜β,m) are eigenpairs for n(x) = n˜(x). (10) implies that ψ˜α,m = ±ψ˜β,m a.e. on A. Multiplying
ψ˜β,m by−1 if necessary, we calculate 0 = L(ψ˜β,m − ψ˜α,m) = (β˜2m − α˜2m)ψ˜α,m on A and conclude that A has zero measure,
i.e., n˜(x) ∈ {n+, n−} for a.e. x ∈ [0, X]. Similar perturbation arguments reveal
n˜(x) =

n+ x ∈ Ω+ := {x : |ψ˜α,m(x)| > |ψ˜β,m(x)|}
n− x ∈ Ω− := {x : |ψ˜α,m(x)| < |ψ˜β,m(x)|}. (11)
We now consider the first (m = 1) spectral gap. The Bragg structure, nB(x), satisfies (11) and is thus a local maximizer of
J1[n] onA (see Fig. 1). We use the Sturm oscillation and comparison theorems [3,13] to show that it is the unique refractive
index (up to translation) satisfying (11).
Let n˜(x) satisfy (11). Since n˜(x) is piecewise constant, ψ˜α,1(x) and ψ˜β,1(x), satisfying (9), are sinusoidal on each constant
interval. The Sturm oscillation theorem [3, Thm. 3.1.2] implies that each of ψ˜α,1(x) and ψ˜β,1(x) has exactly one zero in
[0, X), and we denote these by xα and xβ respectively. Using the periodicity of n˜(x), we translate the domain such that
ψ˜α,1(0) = ψ˜β,1(0). If ψ˜α,1(0) = ψ˜β,1(0) = 0 then [3, Thm. 3.1.3] would imply α˜1 = β˜1, contradicting the optimality of
n˜. We assume that ψ˜α,1(0) = ψ˜β,1(0) > 0. The Sturm oscillation theorem also implies that ddx ψ˜α,1(0) and ddx ψ˜β,1(0) have
opposite sign. Reflecting x → X − x if necessary, we assume that ddx ψ˜α,1(0) > 0 and ddx ψ˜β,1(0) < 0. The Sturm comparison
theorem implies that xβ ∈ (0, xα). By continuity, there exists a point x˜ ∈ (xβ , xα) such that |ψ˜α,1(x˜)| = |ψ˜β,1(x˜)|. Thus,
|ψ˜β,1| < |ψ˜α,1| on (0, x˜) andΩ+ ⊃ (0, x˜). As x further increases, ψ˜α,1 passes through zero at xα , and remains greater than
ψ˜β,1, until the point x = X is reached at which ψ˜α,1 = ψ˜β,1 and the right-hand side boundary conditions are fulfilled,
implyingΩ+ = (0, x˜) andΩ− = (x˜, X). Finally, a calculation shows that x˜ = b implying n˜(x) = nB(x). 
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